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Abstract

The distortion of temperature profiles at the ends of thermal buffer tubes is related to the time-dependent gas pressure and motion in
both nearly adiabatic and nearly isothermal environments during one acoustic cycle. The analytical solution for the mean temperature
distribution is derived assuming zero heat conduction between gas parcels and linear acoustics with the acoustic wavelength much longer
than other system dimensions. Theoretical results are compared with some experimental data and with results of numerical simulations
that assume high heat conductivity.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A thermal buffer tube (TBT) or a pulse tube sometimes
separates two heat exchangers (HX) kept at different tem-
peratures (Fig. 1(a)) inside thermoacoustic systems [1].
The role of this tube is to pass acoustic power but to min-
imize heat transfer between the heat exchangers. The inev-
itable heat leak along the tube depends in part on thermal
boundary conditions at the tube ends. These conditions are
defined not only by the heat exchanger temperatures but
also by the acoustic field.

The details of the temperature profile at the end of such
a tube at the interface with a heat exchanger were described
and calculated numerically by Smith and Romm [2,3] in the
context of thermodynamic irreversibility. Subsequent theo-
retical or numerical results were presented by Bauwens
[4–7], de Boer [8], Kittel [9,10], Swift [1], Weiland and Zinn
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[11], and Matveev et al. [12]. Storch et al. [13] and Matveev
et al. [12] reported experimental results supporting the
theoretical understanding. However, none of these publica-
tions presented an analytical solution for the time-averaged
temperature as a function of position in the region of
interest.

The goal of this study is to derive an approximate ana-
lytical solution for the mean temperature profile in the
same framework, assuming linear acoustics and negligible
heat conduction. Such a solution will provide faster estima-
tion of this effect without conducting numerical simulations
and will give further insights on thermal phenomena inside
TBTs.

2. Problem description and assumptions

A one-dimensional schematic of the problem is shown in
Fig. 1(b). The working gas is ideal. One-dimensional linear
acoustic oscillations (along the x-axis) are present in the
system. The acoustic wavelength is much longer than any
distance in this part of the system. Twice the acoustic dis-
placement is shorter than the tube length. Viscosity and
wall effects are neglected. No mean flow is present. Under
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Fig. 1. (a) Typical part of a thermoacoustic system containing a thermal buffer tube or pulse tube. (b) Schematic drawing of the HX–TBT interface.
(c) Example of a temperature profile at the beginning of an acoustic cycle.

Nomenclature

C c�1
c

p1

pm

p pressure
T Eulerian temperature
u velocity
x Eulerian coordinate
Y defined by Eq. (12)

Greek symbols

u phase variable
c ratio of specific heats
h phase by which pressure oscillation leads veloc-

ity oscillation

H Lagrangian temperature
n Lagrangian coordinate
w defined by Eq. (10)

Subscripts

HX heat exchanger
m mean
out outside the doubled acoustic displacement
0 initial state
1 amplitude of sinusoidal motion
* moment when gas parcel leaves heat exchanger
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these assumptions, a variation of the acoustic velocity
amplitude, Du1/u1� 1, is small in the end zone 0 < x

< 2x1, where x = 0 corresponds to the HX–TBT interface
and x1 is the acoustic displacement amplitude. This also
implies relative smallness of the acoustic pressure ampli-
tude, 2p1/cpm� 1. Therefore, all the gas parcels in the
vicinity of the HX–TBT interface oscillate in phase, and
the pressure fluctuation in the end zone is spatially
uniform.

The environment is assumed isothermal inside the heat
exchanger and nearly adiabatic inside the thermal buffer
tube. A gas parcel entering the heat exchanger instanta-
neously acquires its temperature. A time-average linear
temperature profile exists in the TBT beyond the doubled
acoustic displacement, 2x1, from the HX–TBT interface.
This temperature gradient implies a small but nonzero
thermal conductivity of the gas. On the long time scale
of many cycles, a small thermal conductivity can maintain
a linear temperature profile for gas that never enters the
heat exchanger, and on the time scale of one cycle such
a small conductivity does not interfere with the evolving,
continuous temperature profile of gas that has recently
emerged from the heat exchanger. However, a small con-
ductivity is not large enough to eliminate the temperature
discontinuity at x = 0 that can occur when the gas re-
enters and strongly interacts with the isothermal heat
exchanger.

Large temperature gradients are typically present in
TBTs and pulse tubes. Cryogenic pulse tubes often span
200 K or more over a length of only 10 cm or less, with
an average temperature of 200 K, with x1 as large as
2 cm, and with (c � 1)p1/cpm � 0.06. Thus, in the following
analysis we will retain terms of order c�1

c
p1

pm

x1

T m

dT m;out

dx , while

neglecting terms of order c�1
c

p1

pm

� �2
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3. Analytical solution

The mean temperature profile inside the end zone,
0 < x < 2x1, can be found by averaging the temperature
at each point of this zone over one acoustic cycle. We will
track positions and temperatures of individual gas parcels
in time, and then average temperatures at fixed points in
space over an acoustic cycle. Instead of the time variable,
we will use the phase variable u, so the beginning of an
acoustic cycle corresponds to u = 0 and the end to u = 2p.

The acoustic cycle is counted from the state when all gas
parcels are in their leftmost positions. The phase-depen-
dence of the gas-parcel coordinate n, velocity u, and total
pressure p can be written as follows:

nðu; n0Þ ¼ x1ð1� cos uÞ þ n0; ð1Þ
uðuÞ ¼ u1 sin u; ð2Þ
pðuÞ ¼ pm þ p1 sinðuþ hÞ; ð3Þ

where n0 is the initial position of a gas parcel, i.e., n (0,
n0) = n0, pm is the mean pressure, and h is the phase shift
between the acoustic pressure and velocity.

The initial, u = 0 temperature distribution in the vicinity
of the HX–TBT interface is the following (Fig. 1(c)):

T 0ðxÞ ¼
T HX x < 0

T HX þ x dT m;out

dx ð1þ C sin hÞ; x > 0

(
; ð4Þ

where THX is the heat-exchanger temperature (constant),
dT m;out

dx is the mean temperature gradient (constant) in the
TBT outside 2x1, C ¼ c�1

c
p1

pm
, and c is the gas constant.

The parcel inside the TBT that just touches the HX at
the beginning of the acoustic cycle is assumed to have the
HX temperature THX. The C sinh term in Eq. (4) is present
to force the time averaged temperature gradient for x > 2x1

to be equal to the assumed value dTm,out/dx. The form of
Eq. (4) ensures the continuity of the instantaneous temper-
ature throughout the region x > 0, but it allows for a dis-
continuity at x = 0 while the gas is moving back into the
HX.

The temperature variation of a gas parcel initially out-
side the heat exchanger, i.e., one with n0 > 0, is

Hðu; n0Þ ¼ T 0ðn0Þf1þ C½sinðuþ hÞ � sin h�g: ð5Þ
For parcels initially inside the heat exchanger, i.e., those
with n0 < 0, this dependence is more complicated:

Hðu;n0Þ¼
T HX; nðu;n0Þ< 0;

T HXf1þC½sinðuþhÞ� sinðu� þhÞ�g; nðu;n0Þ> 0;

�
ð6Þ

where u* is the phase when such a gas parcel exits the heat
exchanger in the first half of the acoustic cycle, which can
be found from Eq. (1):

0 ¼ x1ð1� cos u�Þ þ n0: ð7Þ
The mean temperature at any point in space is the aver-

age of the local temperature over a cycle:
T mðxÞ ¼
1

2p

Z 2p

0

T ðu; xÞdu; ð8Þ

where

T ðu; xÞ ¼ Hðu; x� x1ð1� cos uÞÞ: ð9Þ
One can note that H(u, n0) and T(u, x) are, respectively,
Lagrangian and Eulerian descriptions of temperature.

All information needed for calculating the integral in
Eq. (8) is provided. At each point in 0 < x < 2x1, this inte-
gral can be represented as the sum of three integrals. The
first integral covers the range 0 < u < w(x), where

wðxÞ ¼ arccos 1� x
x1

� �
; ð10Þ

and involves the gas parcels traveling rightward through
this point x in the first half of the cycle that were ini-
tially located between the heat exchanger and the given
point. The second integral, covering the range w(x) < u <
2p � w(x), accounts for those parcels originating inside
the heat exchanger that reach and pass through the point
x twice during the cycle. The third integral accounts for
the same parcels as in the first integral but on their way left-
ward during 2p � w(x) < u < 2p. Eq. (5) is used for H in
the first and third integrals; Eq. (6) is used in the second.
The result in the region 0 < x < 2x1 is

T mðxÞ ¼ T HX�
x
x1

T HXC sinh

� 1

p
wðxÞ T HXC sinhþ x1

dT m;out

dx
1� 1

2
C sinh

� �� �

þ 1

p
x
x1

wðxÞ T HXC sinhþ x1
dT m;out

dx

� �

þ 1

p
sinwðxÞ T HXC sinhþ x1

dT m;out

dx
1�C sinhð Þ

� �

þ 1

p
x sinwðxÞdT m;out

dx
C sinh

þ 1

4p
sin½2wðxÞ�x1

dT m;out

dx
C sinh� 1

p
Y ðxÞT HXC cosh;

ð11Þ

where

Y ðxÞ ¼
Z p

wðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� x

x1

þ cos /

� �2
s

d/: ð12Þ

The function Y(x) is monotonically decreasing from Y(0) = 2

to Y(2x1) = 0. The approximation Y � 2 1� x
2x1

� �p=2
� �

is

rather accurate and gives exact values for Y(x) and its first
derivatives at x = 0 and x = 2x1.

From the obtained solution, the mean temperature at
2x1 and the mean temperature gradient beyond 2x1 inside
TBT are related by

T mð2x1Þ ¼ T HXð1� C sin hÞ þ x1
dT m;out

dx
1þ 1

2
C sin h

� �
:

ð13Þ
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Fig. 3. Mean temperature profiles at the TBT end. (a) and (b) p1/
pm = 0.06 and h = �150�; (c) and (d) p1/pm = 0.05 and h = �180�. All
symbols are the same as in Fig. 2.
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If the second-order product x1C is neglected, Eq. (13) is the
same as Eq. (7.55) in Ref. [1]. The mean temperature at 2x1

and the temperature gradient beyond 2x1 are usually not
known in advance (if only heat exchanger temperatures
are given). Their values depend on various heat transfer
mechanisms in TBT outside the end zone, such as heat con-
duction, heat convection by acoustic streaming, boundary-
layer ‘‘entropy flow” [1], and so on. However, Eq. (13)
establishes a relation between the temperature and its gra-
dient at 2x1 for the outer region, which can serve as the
thermal boundary condition for the heat transfer problem
in the TBT outside the end zone.

4. Comparison with tests and enhanced-heat conductivity
model

Temperature profiles given by Eq. (11) are compared
with selected experimental data and results of numerical
simulations that assumed a 100-fold augmented heat-con-
duction coefficient [12]. The reason for assuming an
enhanced heat conductivity was the hypothesis of vorticity
generation in the TBT end zone due to high-amplitude
oscillating flow through the wire screens (flow straighten-
ers) placed between the HX and the TBT in the tests. Com-
parisons of results are shown in Figs. 2 and 3 for four
values of h and for different temperature gradients in the
TBT beyond 2x1. Steep temperature gradients in the figures
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Fig. 2. Mean temperature profiles at the end of a TBT. (a) and (b) p1/
pm = 0.05 and h = 45�; (c) and (d) p1/pm = 0.06 and h = 0�. Dash–dotted
vertical lines indicate the heat exchanger interface (at x = 0) and the peak-
to-peak displacement from the heat exchanger interface into the TBT
(near x = 4.75 cm); circles, measurements of gas mean temperature [2];
dotted line, the linear temperature profile estimated by extrapolating the
mean temperature from beyond the doubled acoustic displacement back to
the heat exchanger interface; dashed line, numerical solution for mean
temperature profile using 100 times boosted heat-conduction coefficient
[2]; solid line, analytical solution presented in this paper.
correspond to gravitationally stable conditions, i.e., with
the hot end of the TBT above its cold end. The working
gas was helium at 3.45-bar mean pressure.

The theory presented in this paper demonstrates the cor-
rect sign of the temperature deviation at the TBT end zone
from the linear temperature profile that exists at the
absence of acoustic oscillations. The quantitative agree-
ment between the theory and the experimental data is good
at h = 45� and �150�, but large overpredicting of the effect
is observed at h = 0� and �180�. The significant deviation
of the slope of the theoretical temperature profile at the
end zone from the slope of the temperature profile in the
TBT outside the end zone is the most probable reason
for this discrepancy. When this deviation is strong, i.e., at
phases 0� and �180�, the heat conduction unaccounted
by the theory starts to play a significant role, smoothing
abrupt variations in the temperature slope. It was found
that the molecular heat conduction cannot provide
smoothness at the levels observed in the experiments [12],
but augmented heat conductivity (assumed to be caused
by vortices shed from the mesh screens at the HX–TBT
interface) makes a prediction in better correlation with
the experimental data.

Therefore, the model developed here can be used for
quantitative estimations when the predicted temperature
deviation from the temperature profile extrapolated line-
arly from 2x1 back to the HX–TBT interface is relatively
small. For significantly pronounced changes in the temper-
ature profile, some empirical corrections can possibly be
applied to reduce strong temperature distortions. If a sys-
tem with a heat exchanger comprising parallel and very
thin plates and without mesh screens at the HX–TBT inter-
face is considered (i.e., flow disturbances over linear acous-
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tic oscillations are minimal), then the theory is expected to
predict temperature profiles more accurately.

It should be noted that regimes investigated by Matveev
et al. [12] did not include standing-wave phasing, because of
restrictions in the experimental apparatus. Results obtained
on the boundary of the achievable acoustic domain (e.g.,
�120�) demonstrated a disagreement between results of
numerical calculations and tests, which was attributed to
high uncertainties of the test data at the extreme setting of
the system. Therefore, our understanding of the phenomena
near standing-wave phasing is not yet validated.

5. Conclusions

An approximate analytical solution is presented for tem-
perature profiles at the ends of thermal buffer tubes, assum-
ing zero heat conduction. This solution correlates well with
test results for a system with small-scale vorticity source
when predicted temperature distortions are relatively small.
Better agreement of this theory with tests is found at acous-
tic phases midway between standing and traveling waves.
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